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Abstract. The Cauchy problem for the semi-relativistic Schrodinger- 
Poisson system of equations is studied in R", n > 1, for a wide 
class of nonlocal interactions. Furthermore, the asymptotic be- 
havior of the solution as the mass tends to infinity is rigorously 
discussed, which corresponds to a non-relativistic limit. 
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1. Introduction 

1.1. Motivation and heuristic discussion. In this article, we study 
the global Cauchy problem for the semi-relativistic Schrodinger-Poisson 
system in M", n > 1, for a wide class of nonlocal interactions, both 
in the attractive and repulsive cases. This system is relevant to the 
description of many-body semi-relativistic quantum particles in the 
mean-field limit. We consider a system of semi-relativistic quan- 
tum particles in M", n > 1 with long-range two-body interactions 
ajf Ei<i<j<7v ix.-xji-r ^ ^i^h < 7 < 1 if n > 2, and < 7 < 1 if n = 1, 
and with (7 G M. In the mean- field limit, one can formally show that 
the density matrix that describes the mixed state of the system satisfies 
the Hartree-von Neumann equation 
fl.l) 

idtp{t) = [Hm. + w^i<n{t),p{t)], xGM", n > 1, t>0 

Hm = \/m? - A - m, w^ = g^, n{t,x) = p{t,x,x), p{0) = po 

1 
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where A stands for the n-dimensional Laplacian, T*r stands for convolu- 
tion in M"-, and m > is the massQ Since po is a positive, self-adjoint 
trace-class operator acting on L'^(W^), its kernel can be decomposed 
with respect to an orthonormal basis of L^(M"'), 

(1-2) po{x, y) = ^ Xki^k{x)iJk{y) 

km 

where {il^k}km denotes an orthonormal basis of Furthermore, 
A •= {A/cjfceN ^ , Afc > , Afc = 1. 

k 

We will show that there exists a one-parameter family of complete 
orthonormal bases of L^(M"), {'ipk(t)}keN, for t £ such that the 
kernel of the solution p{t) to (11. ip can be represented as 

(1.3) p{t, x,y) = ^ Xki^k{t, a;)^fc(t, y). 

fceN 

Substituting (11. 3p in (II. ip . the one-parameter family of orthonormal 
vectors {ipkit)}keN is seen to satisfy the semi-relativistic Schrodinger- 
Poisson system 

(1.4) = Hm^k + ViJk, keN 

at 

(1.5) Vm=w,^n[% vl>:={^J-^, 

oo 

(1.6) n[^!{x,t)] = Y,>^M- 

k=l 

The purpose of this note is to show global well-posedness of (II. 4p 
in a suitable Banach space (to be specified below), and to study the 
asymptotics of the solution as the mass m tends to oo, which cor- 
responds to the non-relativistic limit, see [11]. The semi-relativistic 
Schrodinger-Poisson system of equations in a finite domain of and 
with repulsive Coulomb interactions has been studied recently in [H [2] . 
Here, we generalize the result of [T] in several ways. First, the problem 
is studied in M", n > 1. Second, we consider a wide class of nonlocal 
interactions in both the attractive and repulsive cases, and which in- 
cludes the repulsive Coulomb case in three spatial dimensions. Third, 
in the non-relativistic limit m — )■ oo, we recover the non-relativistic 

^The rigorous derivation of the semi-relativistic Hartree-von Neumann equation 
is a topic of future work, see [31 13] for a derivation of this system of equations in 
the non-relativistic case. 
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Schrodinger-Poisson system of equations, which has been studied ex- 
tensively, see for example E] and references therein. In the special 
case when the initial density matrix is a pure state po = iV'o) ("^oli the 
Schrodinger-Poisson system becomes a single Hartree equation 

idttp = (Vm^ — A — m)ilj + {w^ ip{0) = ipo- 

In that sense, our analysis generalizes the results of [101 E] to the effec- 
tive dynamics of a mixed state of a semi-relativistic system. 

The organization of this paper is as follows. In Subsection 11.31 we 
state our main results. We prove local and global well-posedness in 
Section [2l Finally, in Section [3l we discuss the asymptotic behavior of 
the solutions as the mass tends to infinity. For the benefit of a general 
reader, we recall some useful results about fractional integration and 
fractional Leibniz rule in Appendix \M 

1.2. Notation. 

• A < B means that there exists a positive constant C indepen- 
dent mass m such that A < C B. 

• W stands for the standard Lebesgue space. Furthermore, VjB = 
L'P{r, B). (-, ■)l2 denotes the L^(]R") inner product. We will of- 
ten use the abbreviated notation for Lj^j , in the situation 
where [0, T] denotes a time interval. 

• /I = {{oijieNl Z)/>i < oo}- 

• 1^*'P = (—A + 1)~2LP^ the standard (complex) Sobolev space. 
When p = 2, W^'"^ = H^. denotes the homogeneous Sobolev 

space with norm H^'ll^s = (("^i {~^)^''P) l'^)^ ■ 

• For fixed A G Afe > 0, and for sequences of functions $ := 
{0fc}feGN and := {ipk}keN, we define the inner product 

:= ^Afc(0fc,V^fc)i2, 

k>l 

which induces the norm 

k>l 

The corresponding Hilbert space is C^. 

• For fixed A E /\ Afe > 0, 

= {"^ = {iPkjkml i^keH', J^AfcllVfcll^. < oo} 

k>l 

is a Banach space with norm H^E^Hk^ = (Sfc>i -^fcllV'fcll^f'')^- 
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• For fixed A G l\ Xk > 0, 

k>l 

is a Banach space with norm = (X]fc>i -^fcHV^fcH^J^- 

LS. Statement of main results. For s > 1/2, we define the state 
space for the Schrodinger-Poisson system by 

5* := {(^I/, A)| ^ = {ipi^}i.^i G "H* is a complete orthonormal system in 

X = {\k}km e l\ Xk > 0}. 
The following is our first main result about the global Cauchy prob- 
lem. 

Theorem 1.1. Consider the system of equations ( [i./^p - pT^) . with m > 
0, with 0<7<lz/n>2, and 0<7<1 if n = 1, and let s > 7/2. 
Suppose that (^'(0),A) E . If g > 0, or g < with ||^'(0)||£2 small 
enough, then there is a unique mild solution (^',A) G C([0, 00], iS**). 

Remark 1.2. A is time-independent, and hence the evolution can be 
thought as that of E W. 

Remark 1.3. It follows from the proof of local well-posedness (Propo- 
sition lKM in Section l2A\) that there exists a positive time T independent 
of m > such that 11^^11x5?^= < C||\E'(0)||-h'', where C > is indepen- 
dent of m. 

Remark 1.4. The solution is continuous in the mass m. In particular, 
as m \, 0, and for T > fixed, — )■ \E'^°^ strongly in L^('H*), where 
^'^^^ satisfies ( [i./^[ j- pT^) with initial condition ^{0), see Proposition \2.6\ 
in Sect. [B 

The second result is about the infinite mass limit. Let F satisfy the 
nonrelativistic Schrodinger-Poisson system of equations 

ot 2m 

00 

n[^{x,t)] = ^Afc|^/;fc|2, 

k=l 

with initial condition ^^(O) = {^/'^(O)}^^^- 

Theorem 1.5. Suppose that the hypotheses of Theorem M . 1\ hold. Then 
there exists r > such that \1' — )■ F m L'^{'H'^) as m ^ 00. 



In other words, when the mass tends to infinity, the solution of the 
semi-relativistic Schrodinger-Poisson system of equations behaves hke 
the nonrelativistic one. 

2. Well-posedness 

2.1. Local well-posedness. In what follows, we fix A G A; > 
0, / G N. We start by showing that the nonlinearity V^[\1/]\E' is locally 
Lipschitz. 

Lemma 2.1. For $ G W, 

\\vm^ - vmnns < imiw + wnism - n^. 

Proof. The proof relies on the fractional Leibniz rule and fractional 
integration, see Appendix \M From the Minkowski inequality, 

(2.1) ||V[^]^-^[<D]<D||^. < \\{Vm-Vmnw + \\V[m^ -<^)\\ns 

We begin by estimating the first term on the right. 

k,l>l 

< Yl ^kXl{\\w.,'ki\^l\^ -\(l)l\^)\\L^Uk\\Hs + \\w.,i.{\4!l\^-\<Pl\^)\\ 2^UkL^} 



k,l>l 



k,l>l 

(2.2) 

<m\w + \mwm-nw- 

Here, we used Minkowski inequality in the first line, fractional Leibniz 
rule (Lemma lA. II in the Appendix) in the second line. Holder's inequal- 
ity, fractional integration (Lemma IA.2P and Lemma IA.3I in the third 
line. Similarly, 

\\Vm^ - <!>)\\ns < ^kXiWw, * l^iW^Pk - 4>k)\\Hs 

k,l>l 

k,l>l 

< Xk\i{\\4>i\\]ji\\i^k - MIh' + WIM^W ^^Uk - 4>k\\ Hi} 

k,l>l 

(2.3) 

< ||$||^.||^-$||^.. 

The claim of the lemma follows from inequalities (12. ip , (12. 2p and (12. Sp . 

□ 
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Using a standard contraction map argument, the generalized semi- 
relativistic Schrodinger-Poisson system of equations is locally well-posed. 

Proposition 2.2. Consider the system of equations {I.4 with 



m>0, 0<7<lz/n>2, and 0<7<lz/n = l. Suppose 
that (A, ^(0)) G C^, s > 7/2. Then there exists a positive time T such 
that the unique solution \1/ G C{[0,T];W). Furthermore, there exists a 
maximal time t* G (0, 00] such that lim.t/'T* = C)0. 

Proof. Given p, T > 0, consider the Banach space 

Let f/("*) = e~^*^"^ , the unitary operator generated by the semi-relativistic 
Hamiltonian Hm = -n/— A + — m. We define the mapping Af by 

Ar(^)(t) = U'^^\t)^{0)-i f U^"'\t-t')V[^{t')]^{t')dt', 







which is the solution given by the Duhamel formula. First we show 
that A/" is a mapping from ^ into itself. 



kA>l 



< \\^{0)\\ns+TY,h>^i{\\wi^{\i^i\^)\\L¥LAi^k\\L^H^ + 

k,l>l 

where we have used fractional Leibniz rule (Lemma lA.ip in the last 
inequality. It follows from fractional integration (Lemma IA.2P and 

Sobolev embedding )■ L^-i that 

mmL-w < 11^^(0)11^. +T ^ XkXi{\mi^j,iUk\\L-Hs+ 

k,l>l ^ 
k,l>l ^ 

< ii*(o)ik= + T(^ Hmi^^i){Yl ^Mi-H^)'' 
i>i ^ fc>i 



< \\<i/{0)\\ns+T\\<il\\l,\\^\\L^w 



|2 

^ c 

where we have used the fact that A/; > 1 and J2k>i -^fc = 1 before the 
last inequality. 



Since s > |, and since by assumption, \E' G -Bf^p, we can choose T 
and p such that 

ll^(0)||K^<f, Tp'<\, 
it follows from the last inequality and the Duhamel formula that 

II^IIl-w^ <2||^(0)||^. <p. 

Second, since the nonlinearity is locally Lipschitz (Lemma 12. ip . M 
is a contraction map for sufficiently small T. 

Local well-posedness follows from a standard contraction mapping ar- 
gument, see for example, [6]. □ 

It follows from local well-posedness that for every k G N, H'i/'fcllLa is 
conserved. 

Lemma 2.3. Suppose that the hypotheses of Proposition hold. 
Then \\Mt)\\L^ = \\MO)\\l^, te[0,T*). 

Proof. Multiplying (11 ■4p by ip^ and integrating over space yields 

Taking the imaginary part of both sides of the equation yields = 
0. □ 

The energy functional associated with the semi-relativistic Schrodinger- 
Poisson system is 

^(vl>) = l(vl>,/7„vl>)^, + l(vl>,r[vl>]vl>)^,. 

Formally, conservation of energy follows from multiplying (II .4^ by 
Xidtipk, integrating over space, and summing over k > 1. To make 
the argument precise, we need a regularization procedure. 

Lemma 2.4. Suppose that the hypotheses of Proposition \2.2\ hold. 
Then ^(^(t)) = ^(^(0)), t G [0,r*), %s satisfied for solutions ^ G 
C{[0,T*),n') with s>\. 

Proof. Let 

J, = {eH,n + l)-\ e>0, 
act on the sequence of embedding spaces 

... 7/1^7/1^7/^^7/^ ... 
It follows from fractional calculus that 
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(i) is a bounded operator from 7/"* to 'H'^^^, 

(ii) IIJ;^!!-^. < ll^ll^-, and 

(iii) J^^ -> ^ strongly in 'H'' as e -)■ 0. 

Now, 

£{J,^{h)) - £{Je^{h)) = [ ' dt£iJe^{t)) dt 

= Rej y ' -l{HrnJe^{t),HmJe^{t))c- + 
+ {J^^[J,^{t)]J,m{t),HmJe'^{t))c2 + 

The first term is trivially zero, since HmJe = JeHm- Let 
g,{t) = Re{{H^J,^{t),J^^[^{t)]m{t))c'2 + 

+ {XV[X^{t)]X^{t),HrnJe'^{t))c2 + 

+ {J^'[J,^!{t)]J,m{t),J^r[m{t)]^{t))c2}. 

Then 



It follows from the above properties (i)-(iii) of J^^ that lime_j,o = 0. 
Furthermore, 

(2.4) g,{t) < \\V[^>m{t)\\cA\Hm^mc^ + 11^ [^Wl^Wllr- 
Using Lemma [A. 3[ we have 

k,l>l 

The Gagliardo-Nirenberg inequality, 

together with conservation of charge (Lemma 12.31) . yields 

^ — ' H^I 

1>1 



i>i 
< 11*11^^1 



where we have used in the second inequahty the fact that ^;>i \i = 
1, A; > 0, and f{x) = x'^, < 7 < 1, is concave (equahty when 7 = 1 
is trivially satisfied). Substituting back in (12.4p yields 

9e{t) < wnTt' + m'' 



which is finite for t < t*. By the Dominated Convergence Theorem, 
£{^{t2)) - S{^{h)) = r \ung,{t)dt = , 

as claimed. □ 

Global well-posedness follows from conservation of charge and en- 
ergy. 

Proposition 2.5. Suppose that the hypotheses o f Proposition [KM hold. 
Then, if g > or g < with ||\E'(0)||£2 small enough, 

where C, a and 6 are positive constants that are independent o/m > 0. 
Proof. We start by bounding ||^E'(t) from above, uniformly in time. 



k>l 



< 



' M 2 

k>l 



k>l 

<m\mh. 

Here, we used Holder's inequality in the second line. Lemma IA.3I in 
the third line, the Gagliardo-Nirenberg inequality and conservation of 
charge in the fourth line, and J2k>i = 1, > 0, the fact that 
x'^, < 7 < 1, is concave in the fifth line (equality when 7 = 1 is 
trivially satisfied). Together with conservation of energy (Lemma 12. 4p . 
this implies that for g > oi g < with ||^(0)||£2 small enough, 

(2.5) 11*11^5 <«(^(^W) + ll^(0)|iy, 
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where a and b are constants independent of the mass m > 0. Now, it 
follows from the Duhamel formula that 

\\m\W < ||vI/(0)||«. + £||vI/(tO||^.||^(t')llK» dt' 

< w^miw + " {s{^{t)) + 11^(0)11^0 r \\^{t')\\w dt\ 

Jo 

where we used Holder's and Minkowski inequalities in the first line, 
and (12.51) in the second line. By Gronwall's lemma, 

W'^mw < ||^(0)||«.e"(^(*W)+ll*(°)"*.O* 

follows. □ 

Proof of Theorem It follows from Propositions 12.21 and 12.51 that 
r* = oo, i.e., the generalized semi-relativistic Schrodinger-Poisson sys- 
tem of equations is globally well-posed. □ 

We now prove the claim of Remark 11.41 about the asymptotic be- 
haviour of the system as the mass tends to zero. 

Proposition 2.6. Consider the system of equations ( [i.^[ )-( l77^) with 
initial condition (A, \E'(0)). Let \E''^°) denote the solution of the initial 
value problem with mass m = 0, and fix T > 0. Under the hypotheses 
of Proposition l275[ \& — '^^^^ strongly in L'^{W) as m ^ 0. 

Proof. Proposition 12.51 implies that, given T > 0, there exists finite 
p > such that 

(2.6) sup ||^'|U-w= < P- 

me[0,l] 

We now compare the norm of the difference of \E'(t) and ^^^^^t), t G 
[0,T]. It follows from the Duhamel formula that 

W^it) - vi/(o)(t)||^. < II (f/(-)(t) - f/W(t)) ^mn^ + 



{\\V[^it')]^{t') - V[¥'>\t')]¥'^\t')\\ns + 

+ II (f/(™n^') - u^^Ht')) v[¥'^\t')]¥'^\t')\Mdt' 

< mTW^mns + r \\V[^it')]^it') - V[¥'\t')]¥'\t')\\ns dt' 



where we used Minkowski inequality in the first inequality and Holder's 
inequality in the second. We also used < \/—A + m? — m < m. 



11 

It follows from the fact that the nonlinearity is locally Lipschitz 
(Lemma |2II]) and that 

\\V[^{t')]^{t') - V[^'^'\t')]¥'\t')\\ns < p'W^it') - ¥'\t')\\ns, 
Hence 

\\^{t) - ^^'\t)\\ns < mpT + mp'T + p' f \\^>{t') - ¥'\t')\\w dt'. 

Jo 

By Gronwall's lemma, — )■ ^^"^^ strongly in L^iTi^) as m — )■ 0. □ 

3. Asymptotic behaviour of solutions as mass tends to 

infinity 

In this section, we discuss the asymptotics of the solution as the mass 
m tends to infinity. 

Proof of Theorem \1.5[ Recall that from the proof of local well-posedness 
in Section [2TTI there exists T > independent of m such that H^'Ul^pw^ ^ 
C||\E'(0)||-^s, where C is independent of m. Similarly, one can show that 
there exists T' > independent of m such that ||r||Loo^s < C||\l/(0)||-^s, 

where C is independent of m. Let r = min(T, T'). Let F = {7fc}fcgN sat- 
isfy the system of equations 

tdtt = V[t]t, 

with initial condition r(0) = ^E'(O). Alternatively, F satisfies the integral 
equation 

f(t) = *(o)-^ f v[r{t')]r{t')dt'. 

Jo 

Uniqueness of the solution follows from the fact that the nonlinearity 
is locally Lipschitz (Lemma 12. ip . We are going to compare ^ to F, and 
then F to F. 

||*(i)-f(t)||^. <|| (f/("')(t)-l)vI/(0)||H.+ 

+ II {U^'^Kt - t') - 1) V[t{t')]t{t')\\n^dt'+ 
Jo 

+ [\\vmt')Mt') -v[m]m\\H^dt'. 

Jo 
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To estimate the first term on the right- hand- side, we apply the 
Fourier transform and use Parseval's Theorem, 

II 1)^(0)11?,. 

= J2^if |e-'*(V™'+l'^l'— ) - l|2(i + |A;n^|^;(0, k)\^dk 

l>l 

-JL^^^f 1 |e-'*(V-'+l'=P— ) - l|2(i + |A;|)2^|^;(0, k)\''dk+ 
+ f ^ le-^^^V^'+l^-l'-'") - 1|2(1 + |fc|)2^|^,(0, k)\''dk} 

J\k\>m.T, 



< > A,{ , -==J=J= -(1 + \k\y'M0,k)\'dk+ 



;>1 J \k\<mV 





k\ 


4 




\k 


2 + m)2 



+ 4 / ^{l + \k\r\MO,k)\'dk} 



r2 

< 

4m 



\^m\iis+^Yl [ Ai + \k\r mo, k)\'dk 

l>l J\k\>m^ 



— )■ as m — !■ oo. 

Since y[r]r G W, it follows from the Dominated Convergence The- 
orem that 

lim /* II (f/("^)(t - t') - 1) v[r{t')]r{t')\\wdt' = 0. 

Jo 

To estimate the third term, let p > be a constant such that 

sup(||^'||l?>w» + l|r||L?°KO + liriU^w- < p- 

m>l 

It follows from the fact that the nonlinearity is locally Lipschitz that 

\\vmt')Mt') - v[m]m\\n^ < cp'w^if) - mun^, 

where C is a positive constant independent of m. 
Therefore, 

ii^(t) - f (t)ii^. <u + cp' f \\^{t') - nt')\\Hsdt\ 

Jo 

where lim^^oo /m = and C is independent of m. It follows from 
Gronwall's lemma that 

lim ||\l/ — r||^oo-^s = 0. 
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Similarly, one can show that 

\\T(t)-t{t)Us<g.^ + Cp^ f \\^{t')-t{t')\\n^dt\ 

Jo 

where limm-j>oo 5'm = and C is independent of m, and it follows that 

lim ||r — r||^oo^s = 0. 

Since 

11^ — rilioo-^s < ||\E' — riiioo-^s + ||r — fUloo^s, 

it follows that 

lim ||\E' — rilioo-^s = , 
as desired. □ 
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Appendix A. 

For the benefit of a general reader, we briefly recall in this section 
some useful results about fractional Leibniz rule and inequalities for 
fractional integral operator. In what follows, we denote V = (— A)^/^. 
The proof can be found in the specified references. 

The following result about the fractional Leibniz rule can be found 
in [9]. 

Lemma A.l. 

W^'MWlp < \\V'u\\L^,\\v\\Lri + \\u\\L'>2\\V\l\\Lr2, 

where - = - + -, i = 1,2. 

The second result is about inequality involving fractional integral 
operators, which can be found, for example, in [12]. 



Lemma A. 2. Let la, for < a < n, be the fractional integral operator 
Ia{u) = \x- yl'^'My) dy. 



Then ^ ^ 

\\Io,{u)\\lp < \\u\\li, - = • 

p q n 

We also recall the following useful Hardy-type inequahty. 
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Lemma A. 3. Let < 7 < n. Then, 

sup I / — ^-—\u{y)\^dy\ < \\uf ^ 
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